Abstract: In this paper, a framework for investigating and optimizing Ce 3þ -Tb 3þ =Yb 3þ tripleddoped solar spectral downconverting layer is provided. We investigate broadband solar spectral downconversion in near-infrared (NIR) quantum cutting system of Ce 3þ -Tb 3þ =Yb 3þ triple-doped YBO 3 employed by modeling and solving rate and power propagation equations of Ce 3þ -Tb 3þ =Yb 3þ . For the optimized Ce 3þ , Tb 3þ , and Yb 3þ concentrations and the thickness of doping layer, total power conversion efficiency of 176% and quantum conversion efficiency of 187% have been theoretically obtained. The total amount of NIR photon output may be increased to meet the purpose of potentially enabling a Si solar cell with a performance improvement. The paper will be also helpful to further investigate and design much more efficient rare-earth-multidoped system of broadband solar spectral conversion for further improving performances of Si solar cells.
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Introduction
The main energy loss in crystalline Si (c-Si) solar cell for converting solar energy to electricity is related to the mismatch between the solar spectrum and the band-gap energy of c-Si solar cells. For photons with energy lower than the band gap, the energy cannot be absorbed, while for photons with energy larger than the band gap, the excess energy is lost by thermalization of hot charge carriers. The spectral mismatch limits photoelectric conversion efficiency of c-Si solar cells [1] . The solar spectral downconverting entities downconvert the wavelengths where the spectral response is low to wavelengths where the spectral response is high [2] - [5] .
A promising method that helps the c-Si solar cell capture more energy is by solar spectral downconverter with rare-earth (RE) ion near-infrared quantum cutting (NIR QC), i.e., cutting a nearultraviolet (UV) photon into two NIR photons that can be well absorbed by c-Si solar cells [6] . Effective spectral downconversion (DC) is obtained by combination of different RE ions in solar spectral downconverter and placing on the top of c-Si solar cells.
The NIR QC process has been reported in RE-codoped systems, which downconverts one UV or blue photon (300-500 nm) into two NIR photons that can be absorbed efficiently by c-Si solar cells. Incident solar photons with energy larger than twice the band gap of c-Si solar cells are absorbed within the solar spectral downconverter and transformed into two or more lower energy photons employing by energy transfer (ET) between RE ions, which will reduce the energy loss related to thermalization of hot charge carriers and then improve photoelectric conversion efficiency of c-Si solar cells. NIR QC has been achieved firstly in YPO 4 : Tb 3þ , Yb 3þ where a visible photon is downconverted into two NIR photons through ET from Tb 3þ ion to Yb 3þ ion [7] , and a cooperative dipole_dipole ET mechanism has been set up in Tb 3þ -Yb 3þ couple [8] . propagation equations show absorption and re-emission of input solar light during transmission within the spectral downconverting layer. The rate equations (1)- (3), (5), (7)- (9) and power density propagation equations (10), (11), (13) are ascribed to the Ce 3þ -Tb 3þ =Yb 3þ triple-doped system, while a group of equations (4), (6), (8), (9), (12), and (13) are ascribed to the Tb 3þ =Yb 3þ dual-doped system as follows: , and n i ði; j ¼ 1 $ 7Þ is dependent of the thickness of doping layer z. A ij ði; j ¼ 1 $ 7Þ values are the respective spontaneous transition rates and nonradiation transition rates between energy levels i and j. ij ðÞði; j ¼ 1 $ 7Þ is the absorption and emission cross section of the transition between the energy levels i and j. P p ðz; Þ and P s ðz; Þ are the corresponding input solar power density and output light power density.
p and s are scattering losses and are assumed as frequency-independent constant for simplicity. C CR1 and C CR2 are the ET coefficient describing processes of CR1 and CR2, and are linearly increasing functions of Ce 3þ and Tb 3þ ion concentrations according to the theory of the resonant ET [25] 
W ij ði; j ¼ 1 $ 7Þ is the transition rate between energy levels i and j, and can be expressed as
where h is Plank's constant, v ij is bandwidth, and A eff is the effective cross-sectional area. The total Ce 3þ , Tb 3þ , and Yb 3þ concentrations N Ce3þ , N Tb3þ , and N Yb3þ are assumed to be constant within the whole Ce 3þ -Tb 3þ =Yb 3þ triple-doped system that satisfy the conservation conditions
Theoretical Model Calculation
For the Ce 3þ -Tb 3þ =Yb 3þ triple-doped and Tb 3þ =Yb 3þ dual-doped systems, considering an initial time-independent steady-state @n i =@t ¼ 0, the population rate equations are solved numerically employed by Newton's iterative method, while the power density propagation equations form a system of coupled differential equations, which are solved numerically employing by fourth-order Runge-Kutta methods with some boundary conditions P p1 ðz ¼ 0; v Þ ¼ P Ã p01 , P p2 ðz ¼ 0; v Þ ¼ P Ã p02 , and P s ðz ¼ 0; v Þ ¼ P s0 . For our simulation, we select YBO 3 as NIR QC host materials. The spectroscopic parameters used in calculation [24] are listed in Table 1 .
We choose 360 and 482 nm as center excitation wavelength of Ce 3þ and Tb 3þ ions, respectively, and 980 nm as emission wavelength of Yb 3þ ion. In order to calculate the effective absorption of the input solar spectrum in the system accurately, Ce 3þ and Tb 3þ absorption linewidths at around 360 and 482 nm should be taken into account. Incident solar spectrum is normalized for the case of complete absorption of incident solar emission in the spectral region corresponding to 360 and absorption spectrum and incident solar spectrum is defined as
where I ab :ðÞ and I so :ðÞ are Ce 3þ (or Tb 3þ ) absorption peak near 360-nm (or 482-nm) center excitation wavelength and solar spectrum near 360-nm (or 482-nm) center wavelength, respectively. À 1 and À 2 are calculated as 41% and 38%, which means that such proportion of incident solar energy can be absorbed effectively in the system, as shown in Fig. 2(a) . For simulation, we set 500 mW/m 2 as initial solar power density incident at 360 nm, and initial effective solar power density P p10 of 205 W/m 2 incident at 360 nm and P p20 of 268.7 W/m 2 incident at 482 nm are calculated via P p10 Ã À 1 and P p20 Ã À 2 , respectively. We also calculate initial 980-nm output light power density P s0 of 298.9 mW/m 2 employing by the spectrum of the normalized solar power density [26] , as shown in 
Total CE ð Ã Þ and QE ðq Ã Þ for the triple-and dual-doped system based on total solar spectrum in the range of 200-1500 nm are defined as
where P out ðÞ and N out ðÞ are the spectrum of total output power density and the spectrum of total output photon flux density, respectively. P in ðÞ, P ab ðÞ, and P s ðÞ are the spectrum of input solar power density, Ce 3þ and Tb 3þ absorption power density at 360 and 482 nm, and Yb 3þ output power density at around 980 nm, respectively. N in ðÞ, N ab ðÞ, and N s ðÞ are the respective spectrum of photon flux density. Tb 3þ =Yb 3þ dual-doped system. It is indicated that optimal CE and QE should be much better for lower N Ce3þ , higher N Tb3þ , and N Yb3þ in a definite range ascribed to the concentration quenching of Ce 3þ , Tb 3þ , and Yb 3þ . In our simulation, CE and QE reach maxima only when N Ce3þ , N Tb3þ , and N Yb3þ reach the optimal values of 1:0 Â 10 25 , 6:3 Â 10 25 , and 8:7 Â 10 25 ions/m 3 , respectively. The dependence of total CE and QE on z is shown in Fig. 6 , and in the analysis, N Ce3þ , N Tb3þ , and N Yb3þ are fixed at 1:0 Â 10 25 , 6:0 Â 10 25 , and 8:0 Â 10 25 ions/m 3 , respectively. Enhancement of both total CE and QE with increase in z is exhibited. As z increases from 0 to 3:0 Â 10 À3 m, total CE and QE increase clearly; moreover, total CE and QE are overall higher in the Ce 3þ -Tb 3þ =Yb 3þ triple-doped system than those in the Tb 3þ =Yb 3þ dual-doped system. It should be pointed out that total CE and QE will no longer increase when z exceeds the optimal value, ascribed to absorption losses and side scatting losses within the solar spectral downconverting layer [27] . In our simulation, we obtain the maximum total CE of 176% and total QE of 187% for z ¼ 5:0 Â 10 À3 m, when optimal N Ce3þ , N Tb3þ , and N Yb3þ are 1:0 Â 10 25 , 6:3 Â 10 25 , and 8:7 Â 10 25 ions/m 3 , respectively. It is shown that the maximum CE and QE in our simulation are in good agreement with experimental results [24] , verifying the feasibility and effectiveness of our simulated QC system of Ce 3þ -Tb 3þ =Yb 3þ . We can calculate accurately the efficiency of solar spectral DC and acquire optimal system parameters, i.e., dopant concentrations and thickness of doping layers.
Modeling Results and Discussion
P out ðÞ and N out ðÞ are shown in Fig. 7 . The obvious absorption peak at around 360 and 482 nm and emission peak at around 980 nm are observed in the Ce 3þ -Tb 3þ =Yb 3þ triple-doped system. The spectrum curves directly indicate the effective processes of QC in the Ce 3þ -Tb 3þ =Yb 3þ tripledoped system. Fig. 7 illustrates that in virtue of NIR QC, P out ðÞ, and N out ðÞ at around 980 nm form the modified solar spectrum are boosted relative to the normalized solar spectrum directly incident at c-Si solar cells, and c-Si solar cells may obtain more energies and photons number from the modified solar spectrum than not-modified solar spectrum; therefore, the total amount of NIR photon 
Conclusion
In conclusion, the ET mechanism of NIR QC 
